Elastic wave propagation is a century-old problem. Unlike on a flat manifold, analytical solution is not well established for a curved manifold. In this study we take a step towards building an analytical framework for solving the elastic wave propagation problem on an arbitrary manifold which admits a Riemannian metric with a global non-zero scalar curvature. We demonstrate the accuracy of the method by solving for some test cases, and also discuss some interesting physical insight that comes from solving the wave equations for non-vanishing curvature.
I. INTRODUCTION
Elastic wave propagation is a classical problem in continuum mechanics [1, 2] that has been theoretically explored extensively with both analytical [3] and numerical [4, 5] treatments. In the regime of linear elasticity, hyperbolic partial differential equations can be used to formulate the problem, and the time evolution of the system can be studied subject to initial conditions. The wave propagation is relevant in physical sciences in multiple contexts such as earthquake wave propagation [6] , shock wave propagation [7] , as well as numerous engineering problems [8] . The solution for the elastic wave problem in case of a flat manifold is well established. However, in case of wave propagation through a deformed medium, the deformation will change both the elastic properties and curvature of the medium (Figure 1 ), necessitating solution in a curved manifold. We summarize the types of compact 3-manifolds for which our formulation may be applicable. In this study, we treat the elastic continuum as an orientable manifold which admits a Riemannian metric with non-vanishing scalar curvature everywhere, and formulate the elastic wave equation using Hamiltonian formalism. To demonstrate the importance of the intrinsic curvature of the medium, the entire formulation has * puskar.mondal@yale.edu been done in a local co-ordinate basis without embedding the manifold in an Euclidean space. Curvature being an intrinsic property, it cannot be removed by a suitable co-ordinate transformation. We explicitly remove the manifolds which admit Riemannian metric with vanishing scalar curvature. Later in this study, we move to a perturbative solution of the hyperbolic equations assuming a background flat metric. Our results suggest that the characteristics of different modes of wave propagation change in the presence of curvature, and also indicate that the curvature is coupled only with the shear modulus of the medium in both strong and weak curvature regime. Hence, the pure acoustic wave propagation may be studied without considering the curvature of the medium. In an elastic solid, however, the phase velocities of the different modes become anisotropic, and the compressional and pure shear modes get coupled under the assumption of homogeneity and local isotropy.
We derive the dispersion relation considering a local plane wave solution. Analytical solution of the dispersion relation requires information about the metric of the underlying manifold. We consider two special cases with flat metrics and add perturbation to them in order to study the effect of the non-zero curvature on the dispersion relation and phase velocities. The findings suggest that in addition to the phase velocities being anisotropic, shear waves may not exist for a range of wavenumbers, and may persist even in the curved anisotropic medium. As closing remarks, some important caveats related to the problem of elastic wave propagation in curved space have also been discussed.
II. THEORETICAL FORMULATION
Let M and N be two orientable Riemannian manifolds describing the undeformed and deformed elastic bodies ( Figure 1) . We define the connections Γ i jk between the different tangent spaces belonging to a tangent bundle TM. Metric compatible torsion free connection is assumed i.e. the metric satisfies ∇ i g jk = 0. The image of the vector field of TM under this infinitesimal diffeomorphism [9] 
The magnitude of the vector X (or Y) defines the distance between two infinitesimally close points on the manifold M (or N). We define a metric structure on M as
such that g ij = g(
. This metric tensor induces an isomorphism between the tangent and co-tangent spaces i.e., g ∈ Iso(T x M, T x M * ). Generalized momenta densities Π i and generalized displacements U i belong to the co-tangent bundle (phase space) of a suitable Poisson manifold P as well as M, since we can assign an infinitesimal displacement and corresponding momentum. The Hamiltonian density can be written as
while the total Hamiltonian is defined as
where dΩ is the boundary of the manifold M. {H, .} is a derivation of C ∞ (P) and there exists a well defined vector field V H , such that ∀h ∈ C ∞ (P), the following relation holds [10] :
In the local basis, V H may be explicitly written as
where U a , Π a ∈ TP. The flow (one parameter group of diffeomorphisms) associated with the vector field V H is defined as
Neglecting second order terms in the stress tensor, the vector field V H is calculated as
The relation between the flow and its generator may be expressed as
which results the following time evolution of the phase space.
The equations (12) (13) can be written in a more compact form as
The time evolution equation and its solution may be written in the following forms
where H and |χ(t) are given as follows
The eigenvalue equations are
where |E are the eigenstates of H corresponding to E. Equations (19) (20) may be combined to form the eigen-
i.e.
which can be solved to obtain E 2 in the form of
where
n is the volume form on M , and M ∇ p (ξ a C paij ∇ i ξ j ) = 0 if M is compact without boundary or the perturbation vanishes at boundary given M has a boundary. We may conclude E is of the form iω and the eigenvalue equation has solutions with negative spectrum.
A. Possible manifolds and Notion of intrinsic curvature of an elastic material
Curvature of space is defined by non-commutativity of parallel transport of a vector along a closed curve ( Figure  2 ). The deviation of the commutator from zero depends on the curvature of the underlying space. This is an intrinsic notion of curvature, somewhat different from the extrinsic notion which follows Whitney's embedding theorem [11] suggesting that any differentiable manifold of dimension m can be embedded into R 2m . However, isometric embedding requires larger dimension as a result of Nash's embedding theorem [12] . Following this extrinsic notion of curvature, any arbitrary manifold can be embedded into an Euclidean space, making it a subset of that space and allowing formulations in a flat metric. In this study, we consider our 2 or 3 dimensional elastic manifold to be a differentiable but arbitrary, without any apriori knowledge of whether we can embed it into R 3 or R 4 . This necessitates a formulation based on the intrinsic curvature of the material. Topologically, the 2 and 3 dimensional manifolds are limited. Compact orientable non-trivial 2 manifolds can essentially be generalized to the following form:
(
Also, any compact orientable genus zero smooth 2-manifold is diffeomorphic to S 2 i.e., M#S 2 ≈ M. However, in 3-D, the manifolds are rich. Following the assumption of the elliptization conjecture (Thurston 1997) , if connected 3-manifold is nontrivial then it can be summarized as ( (4) acting freely and othogonally on S 3 . Following Perelman's proof of Poincare conjecture [13] , we may write M#S 3 ≈ M. Aspherical factor K(π 1 , 1) represents the manifolds with fundamental group being π 1 and all other higher homotopy groups are trivial.
B. Wave equation in homogeneous and isotropic medium
For an isotropic medium, the matrix elements of the elasticity tensor C :
where λ and µ are the two Lame parameters. For such an isotropic elastic body, the equation (21) may be reduced to the following form
Using the definition of the Ricci tensor [15] i.e.,
we can write equation (25) for a homogeneous medium as
which may be further simplified to the form
where ijk s are the Levi-Civita symbols. This equation represents a general eigenvalue equation of wave propagation in a homogeneous and isotropic elastic body. In case of a manifold with boundary, the complete eigenvalue spectrum can be obtained from equation (28), subject to knowledge about boundary conditions.
C. Local plane wave solution and dispersion relation
We now choose a solution ansatz ξ i = A i exp(ιk µ x µ ), corresponding to a local plane wave solution in the limit of small curvature (Geometrical optics approximation), where k µ is the wavenumber co-vector. Substituting this form of the solution in equation (25) results in the desired dispersion equation
solution of which provides the dispersion relation. We use the following definition of the connections
where , E 2 is replaced by −ω 2 following the equation (23) . Now, the curvature coupling term appears in the equation (29) . One may show with few lines of calculation that R i j = 0 provides well known solutions for flat space
in 2 dimension. In 3-dimension, following SO(3) symmetry of the isotropic elasticity tensor, one obtains a degenerate set of eigenvalues; two shear waves propagates with same speed. However, in the presence of non-zero R i j , such symmetry is broken and we have three distinct solutions.
III. RESULTS
In this section, two primary effects of finite curvature are presented. First, we decompose the displacement field following Helmohltz theorem [16] , and show that unlike the case of homogeneous and isotropic flat space, the potentials describing the two modes of deformation (i.e., volumetric change and shear) cannot be separated. Next, we add perturbation to the flat background metric to create a non-vanishing curvature, and compute the dispersion relations for different modes of wave propagation in 2-D and 3-D space.
A. Coupling of longitudinal and transverse modes
The eigenvalue equation (28) can be solved to provide the complete displacement field associated with the wave propagation. In flat space, the Helmholtz decomposition of the displacement field allows us to decouple the 'P-SV' and 'SH' motions. In this section, we investigate the nature of different modes of displacement field using such a decomposition in a curved space assuming a torsion free connection. We may represent the vector field ξ i using Helmohltz's decomposition [17] as
with F satisfying the gauge condition
Substituting equation (33) in the wave equation (28), we obtain the wave equation in terms of potentials which may be represented in the following form
Equation (35) provides us with one of the key insights of the study -longitudinal and transverse potentials cannot be decoupled for a curved space, i.e., there are no separate P − SV and SH phases in a curved Riemannian manifold. If there exists a physical situation in which ∇A and ∇ × F are parallel or antiparallel (respecting the gauge choice), then we can decouple the two potentials. However, such a situation does not necessarily agree with the underlying physics and therefore, we may safely conclude the inseparability of two potentials in curved space. One important thing is to note here that if the material under consideration is a perfect fluid, the vanishing shear modulus leads to a wave propagation (pure acoustic wave) invariant of curvature of the space. In other words, non-vanishing curvature acts like local scatterer (introducing pseudo-heterogeneity) and couples the 'P-SV' and 'SH' motion of an elastic material. We can gain further insight about the nature of this scattering by studying the dispersion relation and associated phase and group velocities.
B. Existence
For the displacement satisfying zero divergence condition (∇ i ξ i = 0, the case of shear wave propagation falls under this category), equation (28) may be converted to an elliptic system. The elliptic equation may be written as
where ∆ g is the Laplace-Beltrami operator g kj ∇ j ∇ k on M. Assuming M is compact without boundary or ξ i vanishes at the boundary of M , we obtain an energy integral
From the field equation (36), assuming ξ i ∈ L 2 (M ) and
e., square integrable), and ξ i ∈ W 1,2 (M ) (i.e., gradient is square integrable) we find E s (t) to be conserved. However, due to the presence of the quadratic term involving Ricci curvature, the energy functional is no longer guaranteed to be positive definite. For a negative definite Ricci tensor (e.g., in case of negative Einstein spaces), the energy functional is positive definite, allowing solutions to exist for the eigenvalue equation for all frequencies. However, for manifolds admitting a positive definite Ricci curvature, the wave energy (ρ|
needs to be greater than the energy associated with the positive curvature (µR ij ξ i ξ j ) for a solution to exist. This condition is not satisfied for low frequency (or wave number) shear modes, and hence only modes above a cut-off frequency exist. However, due to the existence of the P-mode (associated with the volume change ∇ i ξ i ), the total energy (i.e. the Hamiltonian defined in equation (5)) is always positive. Similarly, an energy functional for the pressure modes (P-modes) on Einstein manifolds (i.e., R ij = eg ij for some constant e = R(g) 3 , R(g) being the scalar curvature) can also be constructed as
where Θ = ∇ i ξ i is the dilation. Once again, the sign of a determines the wave propagation. For e < 0 i.e., for the case of negative Einstein manifolds, the functional is positive definite. However, for positive Einstein manifolds (i.e., e > 0), the possibility of non-trivial solutions to the associated eigenvalue equation is ruled out since the energy functional can be negative definite. However, the shear and pressure modes (the fundamental modes of wave propagation in an elastic manifold) have mutually exclusive modes of deformation, and in the frequency domain, the non-existence of the solutions are orthogonal (Figures 3 and 4) . The simultaneous existence of the pressure and shear modes is solely controlled by the curvature property of the manifold, and at least one solution of wave equation exists for all frequencies.
C. Dispersion Relation
In a flat space with homogeneous and isotropic elastic material, the dispersion relation yields three different modes of wave propagation (in terms of polarization direction): [18] , or the 'P', 'SV', and 'SH' waves. In isotropic medium, 'SV' and 'SH' waves have the same speed but different polarization directions (as a consequence of SO(3) symmetry of the elasticity tensor). The dispersion relation obtained thus depicts an isotropic phase velocity along with an equality of group and phase velocities. However, in presence of anisotropy, the 'SV' and 'SH' waves start traveling with different speeds and the dispersion relations become nondegenerate [19] resulting in direction ([k x , k y , k z ]) dependent and distinct group and phase velocities. Anisotropy resulting from local curvature of space due to deformation of the elastic body should have a similar effect. This can be validated with two simple examples, discussed next.
Solution with 2-D metric
To solve equation (29) with a 2-D metric, we start with a 2-D flat surface and consider a small perturbation
where, the terms of the tensors can be written in a matrix form as
Considering the first order terms of the perturbation, we can compute the connection coefficients and subsequently the Ricci tensor. Using the calculated tensor elements, the equation (29) can explicitly be written as
roots of which provide us the dispersion relations
and
This demonstrates the anisotropic dependence of eigenfrequency on the wavenumbers, resulting in anisotropic characteristics for both modes. A smooth transition of the dispersion relation is observed while varying the perturbation parameter. In the limit of zero perturbation, we retrieve the expected isotropy of the frequency-wavenumber relation. Figures 4 and 3 show the dispersion relations for 'S' and 'P' modes for different perturbations strengths. Using this dispersion relation, the squared phase velocities are computed (Fig 5 and 6 ) which also depict the anisotropic characteristics. Note that, the dispersion pattern obtained here solely depends on the form of metric perturbation used in the calculation. A different type of perturbation is expected to produce a different dispersion relation (for example, we may have diagonal perturbation in addition to the off-diagonal perturbations). Apart from the emergence of anisotropy, we may also deduce the appearance of pseudo-heterogeneity in the dispersion relation and therefore in the phase and group velocities through the term ∇ 2 a(x, y). For a space with constant curvature, the spatial homogeneity or the translational symmetry is preserved.
Note an important fact that the discriminant of the equations (43,44) need not necessarily assume a positive definite form, which defines the domain of existence of the solutions. This leads to non-existence of solution of the dispersion equation for every wavenumber with a given perturbation strength. However, this property depends entirely on the choice of the background metric. Given ω 2 being real, we move on to compute the dispersion relations. Equations (43-44)may be approximated up to the first order
where c p = λ+2µ ρ , and c s = µ ρ are respectively the isotropic pressure and shear wave speeds in flat space [20] . Typically the band of wavenumbers for which solution does not exist is narrow, but was found to increase with increasing perturbation strength. The nonexistence characteristic becomes clear in the case of 'S' waves. Figure 3 and 3 show the ω 2 − k x relation including k x for which solution does not exist. This behavior is dependent on the chosen metric. Although in a 2-D space, the freedom to choose a metric leading to a non-vanishing Riemann curvature tensor is limited, such ill-characteristic may be avoided by considering diagonal perturbations which contribute 2 additional tuning parameters.
Solution with 3-D metric
Like in case of the 2-D metric, we start with a flat Euclidian metric and add perturbations to it. The matrix representation of the perturbations chosen is
One may consider choosing a different form of perturbation, however, main focus of this study is to emphasize the effect of non-zero curvature on the propagating wavefield. In this perturbation metric, we obtain three distinct solutions leading to three distinct phase velocities of the wavepackets -resembling the propagation of qP, qSV and qSH waves in ordinary anisotropic medium. The dispersion iso-surfaces are plotted for different perturbation strengths for all three modes. While dispersions of qP and qS 1 mode depict the appearance of the elliptic anisotropy with non-vanishing curvature (corresponding to the chosen metric) (Figure 5 ), the qS 2 mode remains isotropic with a reduction of phase velocity. From the phase velocity iso-surfaces for qS 1 mode for different perturbation strengths (Figure 6 ), we observe that the phase velocity increases with the perturbation strength. One may similarly deduce the non-existence of the solution for a range of wavenumbers, however, like the case of 2-D metric, the results are metric sensitive.
It is important to note that the change of elastic tensor resulting from the introduction of perturbation to the flat curvature metric has been neglected. The solution elucidates the effect of curvature alone. One might argue that introduction of finite curvature may not retain the linear superposition principle due to appearance of non-linearities. However, in the regime of linear perturbations, each of the contributing terms of the curvature and elasticity tensors are of the first order. Thus, without loss of generality, we may separate the curvature effect from the perturbation and the elasticity tensor.
IV. DISCUSSION
Equations describing wave propagation through an arbitrary manifold are constructed and the dispersion relation is obtained assuming a local plane wave solution. Curvature being an intrinsic property of the manifold, its effect on wavefield cannot be avoided using a suitable co-ordinate transformation.
Numerical methods must be used to obtain a complete solution of the wave equation in a curved (deformed) material. The solution presented here treats the curvature as a perturbation to the background flat metric neglecting the change in elasticity tensor arising from the deformation itself. The linear perturbation analysis identifies important first order deviations which can potentially be used in many physical applications involving reconstruction and imaging of real elastic medium.
Finite element or spectral element methods [21] can provide us with the correct numerical solution, however, the analytical treatment presented in this study helps us gain physical insight on the exact interaction between the wavefield displacement and the local curvature. In this formulation, the Ricci curvature tensor is shown to be coupled to the displacement through the shear modulus. In the absence of shear modulus (e.g. in case of an ideal fluid) the contribution from the Ricci tensor vanishes. Further analysis through the potential decomposition reveals that the compressional and shear modes are inseparable unless the Ricci tensor assumes certain special forms, which is distinctly a property of general heterogeneous and anisotropic medium, even though we have assumed local isotropy and homogeneity. Such pseudo-heterogeneity and anisotropy need to be corrected to uniquely image the elastic medium. However, we do not further investigate the nature of persisting symmetry once the SO(3) symmetry is broken by the coupling term R ij ξ j i.e., the curvature effect. This could potentially lead us to the geometric relation between the deformation and the origin of anisotropy.
This study primarily deals with the theoretical side of the wave propagation in curved space, highlighting the interesting physics arising from non-vanishing curvature. For a more complete picture one must look at nonlinear effects. Finite amplitude deformation in non-linear regime is vastly rich and may include certain interesting solutions leading to elastic flow which may be useful in geometrization of 3-manifold [13, 22, 23] in a way similar to Ricci or Einstein flow.
